ABSTRACT The probability that a particle, crossing the shock along a given direction, be reflected backwards along another direction, was shown to be the key element in determining the spectrum of non-thermal particles accelerated via Fermi mechanism around a shock. Here an explicit equation for this probability distribution is given, for both the upstream and downstream sections. Though analytically intractable, this equation can be easily solved numerically.
Introduction
It is possible to formulate particle acceleration around shocks, in the test particle limit, in an exact form, for arbitrary shock speeds, and arbitrary anisotropies in the particle distribution function (Vietri 2003) . There it was also shown that the physically relevant boundary conditions are those at the shock, not those at downstream infinity. These conditions at the shock fix the particle spectrum which was shown to be an exact power-law in the particle momentum, independent of the shock speeds and of all assumptions about the medium scattering properties.
On the other hand, while the form of the particle distribution function (DF) is independent of the assumed scattering properties of the media involved, the exact value of the spectral index depends in a detailed way upon these properties. It was shown in Paper I that this dependence is encapsulated in two functions, P u (µ • , µ) and P d (µ • , µ) respectively, which denote the conditional probabilites that a particle entering the upstream (downstream) medium along a direction µ • , will leave it for the downstream (upstream) section along a direction µ 1 . In paper I (but see also Freiling, Vietri and Yurko 2003 for some tricky mathematical details), these functions were built from the eigenfunctions of the angular part of the scattering problem. Though conceptually satisfactory, this procedure is however computationally tricky, and one may wonder whether, given the scattering law for the particles, it may be possible to determine an equation for the scattering probabilites that yields them directly, without having to build the infinitely many eigenfunctions of the angular equation.
It turns out that this is actually possible, by drawing upon the analogy with scattering atmospheres (Chandrasekhar 1949) , and by using an obvious symmetry property of the solutions in question. It is the purpose of this paper to present this derivation, and a handful of illustrative computations. A more detailed analysis of the spectra will be presented elsewhere.
Laying down the computation
In paper I, I showed that a suitable, relativistically covariant (though not manifestly so) equation for the transport of the particle distribution function for arbitrary pitch angle scattering is:
In this equation, z is the distance from the shock along the shock normal, in the shock frame. All other quantities are measured in the fluid frame: u is the fluid speed with respect to the shock, in units of c, and γ = √ 1 − u 2 its associated Lorentz factor, f is the DF of particles with impulse p in the fluid frame (which, by assumption, does not change because we assumed pitch-angle scattering), and w(µ, µ ′ ) is the scattering probability that a particle, originally moving along a direction making an angle with the shock normal such that its cosine is µ ′ , be deflected along a new direction µ. The scattering is assumed linear (thus these results apply only in the test particle approximation), but the scattering angle is nowhere assumed small: I shall derive results for the diffusive approximation in a later section.
Compared with Eq. 7 of Paper I, the injection has been dropped because we are considering particles at very large energies, much larger than the injection energy; also, deflection by a long-coherence length magnetic field has been neglected, but it can be reintroduced easily.
In order to fix the ideas, I consider the problem of determining P d , the conditional probability for the downstream frame; I shall explain later how to adapt these results to the upstream frame. Take the origin of ccordinates to be located at the shock, the downstream section to be at z > 0, and define u as the modulus of the shock speed with respect to the fluid. Now let f represent a beam of particles, all entering the downstream section along the same direction, µ • ; since µ • is measured in the fluid frame, and the shock is moving with respect to the downstream fluid with speed u, the relative speed of the particles and the shock is given by
since we assume the particles to be hyperrelativistic. Clearly, for the beam in question, we must have u + µ • > 0. Let F be the total incident particle flux due to this beam:
The scattering probability is now given by
It proves convenient at this point to split the distribution function inside the downstream section into two parts: the first one (which we call f • ) describes only those particles which have never been scattered, while the second part (which we call g) contains all particles which have been scattered at least once, and which thus constitute a diffuse field:
Clearly, with this new definition, the unscattered f • obeys the simple equation
with solution
where δ(x) is Dirac's delta. The equation for the diffuse component is immediately derived from Eqs. 1, 5, 6:
It is also convenient to discuss here the boundary conditions for g. At z = 0, obviously there can be no entering diffuse flux:
Also, f • surely cannot contribute to the outgoing flux at z = 0, so that Eq. 4 becomes
3. The equation for P d
The invariance principle
Consider now the outgoing flux only, i.e., that for u + µ < 0, at a distance z • from the shock. First, we remark that it is due only to the diffuse flux, g. Second, we remark that it is due to two possible sources: the diffuse component which is originated at z < z • , and which is reflected backwards by the downstream region with z > z • , and the attenuated original flux reaching z = z • , which is also reflected backwards by the region z > z • . We find then:
where it is essential to remark that the g on the lhs is computed for particles leaving the z ≥ z • region, while the one on the rhs concerns particles entering the region z ≥ z • . Strictly speaking, the principle of invariance is already included in the above equation. In fact, we have tacitly implied that the scattering probability P d for the region z > z • is identical to that for the region z > 0. This of course is true, but only because we are integrating the above equation over the semi-infinite half space z > 0. In this case, the reflection coefficient P d is the same, whether we consider reflection in the range 0 < z < +∞ or in the range z • < z < +∞, simply because the two ranges are both identical because both are infinite. This invariance principle, in other words, tells us that scattering by a semi-infinite halfspace is the same, whether we add or subtract slices of this subspace of finite (as opposed to infinite) thickness. If the problem had been over a finite range in z, then we couldn't have assumed as much: P d would have contained an unknown dependence upon z, and we wouldn't have been able to write this result so simply.
The sought-after relationship
The above equation gives a condition linking g and f • which does not apply to all solutions of Eq. 1, but only to those over the semi-infinite half-space z > 0. For this reason, it provides a new condition which is not equivalent to Eq. 1. This simple invariance principle yields the sought after equation for P d : we first take the derivative of Eq. 11 with respect to z • (the equality holds for every value of z • , thus we are justified in taking the derivatives of both sides of Eq. 11, and setting them equal), and evaluate it at z = 0:
Here (dg/dz) −,0 indicates that the derivative is to be evaluated at the shock (z = 0), for outgoing particles (u+µ < 0), while (dg/dz) +,0 indicates that the derivative is to be evaluated at the shock, for incoming particles u + µ > 0.
The reason for distinguishing between the two derivatives is that they evaluate to quite distinct values. They can be obtained from Eq. 8. First, I find
where the last term derives derives from using Eq. 7 in the integral on the rhs of Eq. 8, while the integral extends over the restricted range −1 ≤ µ ≤ −u because of Eq. 9. It also proves convenient to use the notation
Now plugging Eq. 10 into the above I finally find
Equivalently, I find
Here, I used Eq. 9 to toss the first term on the rhs of Eq. 8.
Plugging Eqs. 15,16 into Eq. 12, and rearranging the terms I find
which is the sought-after result: an equation (over a compact interval) which yields directly the probability P d , without having to expand anything into eigenfunctions.
This equation is a non-linear integral equation, which can however easily be solved by successive iterations, using as an initial guess the known term, w(µ, µ ′ ).
The equation for P u
If we take exactly the same geometrical layout of the problem, and now assume u to be the modulus of the shock speed with respect to the upstream fluid, it follows that absolutely nothing needs to be changed in our argument, except for the deifinitons of entering particles (now those with u + µ < 0) and exiting particles (now those with u + µ > 0). It is thus easily found that
Also, it must be kept in mind that all angular variables appearing in Eq. 18 are defined with respect to the upstream fluid, and so differ from those appearing in Eq. 17 by a Lorentz transformation.
Conclusions
In this paper, I have derived explicit equations for the probabilities P d and P u which I have used, in paper I, to obtain the spectrum of particles accelerated via Fermi mechanism around shocks. The discussion carries a very strong similarity to that of the scattering atmosphere (Chandrasekhar 1949) , and indeed analogs of some of the results contained here are also derived there. The usefulness of these equations is at least twofold. On the one hand, they dispense us with the need to compute a large number of eigenvectors of the angular part of the propagation equation, Eq. 1, as done for instance by Kirk and Schneider (1987) . On the other hand, there is now no need to specialize the above equations to the diffusive case of small-pitch-angle scattering: this limit was introduced in fact (Kirk and Schneider 1987) via a Fokker-Planck treatment of Eq. 1 in order to simplify this integro-differential equation into a partial differential equation. But, after the discussion here, it becomes clear that the problem can also be reduced to the solution of two integral equations, which is a sufficiently simple problem to require no further simplification.
It should also be noticed that, via an independent numerical approach, functions derived from P d and P u have also been computed by Lemoine and Pelletier (2003) , who used them to compute the spectral index of the particle distribution function in a significant, but special case. In a future paper, I shall present this spectral index by combining Eq. 33 of paper I with Eqs. 17 and 18 for a wide variety of cases, both fully and marginally relativistic.
